Although the gravitational wave kick velocity in the orbital plane of coalescing black holes has been understood for some time, apparently conflicting formulae have been proposed for the dominant out-of-plane kick, each a good fit to different data sets. This is important to resolve because it is only the out-of-plane kicks that can reach more than 500 km s −1 and can thus eject merged remnants from galaxies. Using a different ansatz for the out-of-plane kick, we show that we can fit almost all existing data to better than 5%. This is good enough for any astrophysical calculation, and shows that the previous apparent conflict was only because the two data sets explored different aspects of the kick parameter space.
). As discussed in Merritt et al. (2004) , the kick magnitude and distribution are important for discussions of hierarchical merging, supermassive black hole formation, galactic nuclear dynamics, and the degree to which black holes influence galaxy formation. The community has converged on the formula for the kick speed in the original orbital plane (Baker et al. 2007; Campanelli et al. 2007b; Gonzalez et al. 2007 ), but apparently conflicting dependences for the out-of-plane kick (which dominates the total kick for most configurations) have been proposed. suggested that for a binary with component masses m 1 and m 2 ≥ m 1 , the kick scales as η 2 , where η ≡ m 1 m 2 /(m 1 + m 2 ) 2 is the symmetric mass ratio; however the data in Baker et al. (2008) were fit much better with an η 3 dependence. The conflict is only apparent, however, because there were no runs in common between the two data sets. This suggests that an analysis might be performed with a new ansatz that can fit all of the existing data.
Here we perform such a fit, and demonstrate that there is a single formula for the outof-plane kick that fits almost all existing data to better than 5% accuracy. The new ansatz is similar to one recently suggested by , for which, however, a fit was not attempted. Its form is based straightforwardly on the post-Newtonian (PN) approximation and includes both the aforementioned η 2 and η 3 terms, as well as a slightly more complicated spin-angle dependence. In § 2 we describe our new runs and we describe the new ansatz in § 3. In § 4 we list all 95 runs we have fit, from different numerical relativity groups, and our fitting procedure and best-fit parameters. In § 5 we discuss the implications of our results, and indicate the fraction of kicks above 500 km s −1 and 1,000 km s −1 for representative spin and mass ratio distributions, comparing it with previous results. The goodness of our fit to the entire usable data set of out-of-plane kicks suggests that the full three-dimensional kick is now modelled well enough that it will not limit the accuracy of any astrophysical calculation.
Numerical simulations
We have performed new simulations representing 22 distinct physical cases. Defining q ≡ m 1 /m 2 and α i ≡ S i /m 2 i where S i is the spin angular momentum of the ith black hole, we used mass ratios of q = 0.674 or q = 0.515, and spins initially within the orbital plane of α 1 = α ⊥ 1 = 0.367 and α 2 = α ⊥ 1 = 0.177 or α 2 = α ⊥ 1 = 0.236, where the ⊥ superscript indicates orthogonality to the orbital axis. For each mass ratio we used one of eleven different spin orientations (given in Table 1 ), in order to probe the spin-angle dependence of the final recoil. Initial parameters were informed by a quasicircular PN approximation and initial data constructed using the spectral solver TwoPunctures (Ansorg et al. 2004) . Evolutions were performed with the Einstein-solver Hahndol (Imbiriba et al. 2004; van Meter et al. 2006; Baker et al. 2007) , with all finite differencing and interpolation at least fifth-order-accurate in computational grid spacing. Note for the purpose of characterizing the simulations, it is convenient to use units in which G = c = 1 and specify distance and time in terms of M ≡ m 1 + m 2 . The radiation field represented by the Weyl scalar Ψ 4 was interpolated to an extraction sphere at coordinate radius r = 50M and integrated to obtain the radiated momentum using the standard formula (Schnittman et al. 2008) :
For each of the 22 cases we ran two resolutions, with fine-grid spacings of h f = 3M/160 and h f = M/64. To give some indication of our numerical error, the total recoil from the two resolutions for each of the q = 0.674 cases agreed to within < ∼ 6%, and for each of the q = 0.515 cases to within 1% (the latter using a more optimal grid structure).
In these simulations, variation in the magnitude of the final recoil within the x-y plane suggested non-negligible precession of the orbital plane. Indeed the coordinate trajectories of the black holes showed precession of up to ∼ 10
• . To calculate the component of the recoil velocity parallel to the "final" orbital axis, V || , we tried two different methods. In one method we simply took the dot product of the final, numerically computed recoil velocity V with the normalized orbital angular momentum L|L| −1 as calculated from the coordinate trajectories of the black holes, just when the common apparent horizon was found: V || ≡ V · L|L| −1 . In our second method we assumed that each black hole spin, which is initially orthogonal to the orbital angular momentum, remained approximately orthogonal throughout the simulation, i.e.
This assumption is consistent with PN calculations, to linear order in spin (Racine 2008; Kidder 1995) , and is also supported numerically by the fact that the merger times in our simulations were independent of the initial spin, to within ∆t < 1M. In this case the in-plane recoil should depend only on the mass ratio (and not the spin), and we assume it is given by the formula found by Gonzalez et al. (2007) , with coefficient values given by a previous fit (Baker et al. 2008 ). This implies
where we have further assumed that the sign of V || should be the same as that of V z , given the modest amount of precession.
These two definitions for V || were found to differ by a relative error of < ∼ 5% for all points except one for which V || ≪ V ⊥ . Relative to the maximum V || per mass ratio, they were found to differ only by < 2%. Note this lends further support to our assumption that the spins are orthogonal to the orbital angular momentum to good approximation throughout these simulations (Eq. (2)). Even V z was found to differ from the above definitions for V || by only < ∼ 2%, relative to the maximum. We will use Eq. (3) to give our canonical V || , for the purpose of analytic fits to the data.
An additional assumption we will make about our data, important for fitting purposes, is that the amount of precession undergone by the spins in the orbital plane, i.e. the difference in spin-angles, between the initial data and the merger, is independent of the initial spin orientation. This assumption, valid to linear order in spin according to the PN approximation (Eq. (2.4) of (Kidder 1995) ), was previously found to be the case through explicit computation of the spins in the simulations presented in Baker et al. (2008) . We have not explicitly computed the spins in the new simulations presented here but the independence of the merger time with respect to initial spin orientation is consistent with the assumption of similar independence of spin precession.
For the purpose of constructing an accurate phenomenological model, we added to this data set previously published data representing out-of-plane kicks. Our criteria for selecting relevant data are that the component of the final recoil parallel to the orbital plane is given and at least three different in-plane spin orientations are used. We arrived at a total of 95 data points: the 22 new ones presented here plus 73 drawn from Baker et al. Table III , resulting from what they consider to be their best calculation of the final orbital plane.
Ansatz
An ansatz for the total recoil that was found to be very consistent with numerical results has the form (Baker et al. 2007; Campanelli et al. 2007b; Gonzalez et al. 2007 )
where e 1 and e 3 are unit vectors in the directions of separation and the orbital axis just before merger, respectively, e 2 ≡ e 1 × e 3 , α 1 and α 2 represent the components of spins parallel to the orbital axis, ξ, A, B, and H are constant fitting parameters, and V is to be discussed.
Every component of Eq. (4) has been modeled to some degree after PN expressions. The use of such PN-based formulae has proven very successful. For example, Eq. (5) for the in-plane, mass-ratio-determined recoil can be obtained from the corresponding PN expression (Eq. (23) of Blanchet et al. (2005) ) simply by taking the leading-order terms and replacing instances of the PN expansion parameter (in this case frequency) with constant fitting parameters. Using this, Gonzalez et al. (2007) obtained very good agreement with a large set of numerical results. Le Tiec et al. (2010) , who calculated the recoil using a combination of the PN method with a perturbative approximation of the ringdown, also found that Eq. (5) gave a good phenomenological fit to their analytic results.
Why such a prescription for generating an ansatz from the PN approximation should apply so well to merger dynamics is not perfectly understood. The effective replacement of powers of the frequency with constants may be defensable because the majority of the recoil is generated within a narrow time-window near merger, perhaps within a narrow range of frequencies. This is particularly evident for the out-of-plane recoil speed, which rapidly and monotonically increases up to a constant value around merger. However, values of the constant coefficients that appear in the PN expansion cannot be expected to remain unchanged because, as merger is approached, high-order PN terms with the same functional dependence on mass and spin as leading order terms can become comparable in magnitude. So, it is just for this functional dependence that we look to the PN approximation for guidance.
Following the prescription implied above, from the PN expression for out-of-plane recoil given by Racine et al. (2009), Eqs. (4.40-4.42 ) (neglecting spin-spin interaction), the following can be straightforwardly obtained:
where K 2 , K 3 , and K S are constants, α ⊥ i represents the magnitude of the projection of the ith black hole's spin (divided by the square of the black hole's mass) into the orbital plane, φ i represents the angle of the same projection, as measured at some point before merger, with respect to a reference angle representing the direction of separation of the black holes, and Φ i represents the amount by which this angle precesses before merger, which depends on the mass ratio and the initial separation. We have ignored terms quadratic in the spin because we assume they are subleading. Note that this ansatz is equivalent to one suggested by , provided the angular parameters are suitably interpreted. In terms of the notation of Racine et al. (2009) 
where n is a unit separation vector,
Θ is the angle between ∆ and n, and Ψ is the angle between S and n, all measured, for our purposes, at some point arbitrarily close to merger. It may be interesting to note that the expression multiplying K S takes into account effects of orbital precession (because it is non-vanishing if and only if the orbit precesses) and therefore represents physical phenomena neglected by previous fits.
Fitting procedure and results
The fitting of the out-of-plane recoil is in principle complicated because in addition to the overall factors K 2 , K 3 , and K S (which are the same for any mass ratio or spins), any particular set of runs with the same initial separation and mass ratio (which we will term a "block") has idiosyncratic values of Φ 1 and Φ 2 that, although not fundamentally interesting, need to be fit to the data. Therefore, in the 17 blocks of data we fit, there are formally 3 + 2 × 17 = 37 fit parameters. In the eight data blocks for which α ⊥ 1 = 0, Φ 1 never enters, and in the two for which α
Therefore the actual number of fitting parameters is 27, but this is still large enough that a multiparameter fit would be challenging. Fortunately, each (Φ 1 , Φ 2 ) pair only affects a single data block. We can therefore speed up the fitting, and incidentally concentrate on only the interesting parameters, if we (1) pick some values of K 2 , K 3 , and K S that apply to all data blocks, then (2) for each data block, find the values of Φ 2 and possibly Φ 1 that optimize the fit, repeating this using new values of Φ 1 and Φ 2 for each block. This gives an overall fit for the assumed values of K 2 , K 3 , and K S , having optimized over the uninteresting Φ parameters.
The fit itself needs to be performed assuming uncertainties on each of the numerical measurements of the kick. Each such calculation is computationally expensive and systematic errors are usually difficult to quantify, hence we do not have enough information to do a true fit. As a substitute, we assume that for each block of data, the uncertainty σ in each kick is either equal to a fraction (fixed for all blocks) of the maximum magnitude kick in the block, or to a fixed fraction of the individual kick itself. The former may be justified because some sources of error will be independent of the phase of the angles when the holes merge, but we note that the fit performed with the latter assumption (that the uncertainty equals a fractional error of each kick) yields very similar values for the fitting factors. As we do not know what the actual fractional error is, in either case we adjust it so that for our best fit we get a reduced χ 2 of roughly unity (given our 95 data points and 27 fitting variables, this means we need a total χ 2 of about 68). We then evaluate every (K 2 , K 3 , K S ) triplet using
Minimizing χ 2 as calculated with respect to the maximum kick per block, we find that σ 2 = 0.0005V 2 ,max (block) gives χ 2 /dof = 1.0. We note that this value for σ is comparable to the numerical error as measured by the difference in kicks computed at different resolutions, when available (e.g. for the new simulations presented here, or the q = 0.25 case presented in Table IV of ). It is also worth noting that for the data from the new simulations, the uncertainty due to orbital precession, discussed in § 2, is less than 0.02V ,max < σ, and therefore cannot significantly affect the fit. Our best fit is K 2 = 30, 540 km s −1 , K 3 = 115, 800 km s −1 , and K S = 17, 560 km s −1 , with 1σ ranges 28, 900 − 32, 550 km s −1 , 107, 300 − 121, 900 km s −1 , and 15, 900 − 19, 000 km s −1 , respectively. We emphasize that all three coefficients are indispensable in obtaining a good fit; e.g. using the same definition of χ 2 as above, if K 3 = 0 then the best fit gives χ 2 /dof = 2.0, or if K S = 0 then the best fit gives χ 2 /dof = 1.6.
Minimizing χ 2 as calculated with respect to each individual kick, we obtain similar results. In this case, σ 2 = 0.0016V 2 gives χ 2 /dof = 1.0. Our best fit becomes K 2 = 32, 092 km s −1 , K 3 = 108, 897 km s −1 , and K S = 15, 375 km s −1 , in agreement with the above fit to within ∼ 5% for K 2 and K 3 and < ∼ 12% for K S .
In Table 4 we compare the predicted out-of-plane kicks with the measured ones for the entire data set. For fit #1 minimizing the error with respect to the maximum kick per block, of the 95 points, only 4 agree to worse than 10%, and all of those occur for kicks with magnitudes much less than the maximum in their data block. Therefore these could represent small phase errors rather than relatively large fractional velocity errors. Only 15 of the 95 points agree to worse than 5%. Fit #2 minimizing the error with respect to individual kicks performs even better in this regard, with only 10 points differing by more than 5% and only 2 points differing by more than 10%. In either case, the fits with the new ansatz are significantly better than either the simpler η 2 fit proposed by or the η 3 fit proposed by Baker et al. (2008) . Campanelli et al. (2007b) (set E). The spin angles φ 1 and φ 2 are in radians, and the recoil velocities V || are in km s −1 . The 8th column shows the result of a fit intended to minimize the error relative to the maximum recoil velocity per (q, α ⊥ 1 , α ⊥ 2 ) triplet and the 9th column shows the relative error from that fit. The 10th column shows the result of a fit intended to minimize the conventional relative error and the 11th column shows the relative error from that fit. In both cases, the vast majority of points agree to well within 10%. 
Ejection probabilities and discussion
One of the most important outputs of kick calculations and fits is the probability distribution of kicks given assumptions about the mass ratio, spin magnitudes, and spin directions. This distribution is critical to studies of hierarchical merging in the early universe (e.g., Volonteri (2007) ) as well as to the gas within galaxies (Devecchi et al. 2009 ) and an evaluation of the prospects for growth of intermediate-mass black holes in globular clusters (Holley-Bockelmann et al. 2008) . In Table 2 we show the results of our work (from fit #1), compared with the proposed fit formula of Campanelli et al. (2007a) . It is clear that our work gives distributions very close to those of Campanelli et al. (2007a) , with perhaps slightly smaller kicks because of the η 3 term we include.
In summary, we have demonstrated that a modified formula fits all available out-of-plane kicks extremely well. The wide range of mass ratios, spin magnitudes, and angles explores all the major aspects of parameter space for the out-of-plane kicks, and thus we do not expect new results to deviate significantly from our formula. The excellence of these fits suggests that the kick distribution is known to an accuracy that is sufficient for any astrophysical purpose.
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